Abstract-Distributed generators including photovoltaic (PV) panels have been integrated dramatically in active distribution networks (ADNs).
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I. INTRODUCTION
I
N recent years, distributed generators (DGs) based on renewable energy resources have been integrated dramatically in distribution networks [1] . The rapid increasing penetration of DGs participates in the operation of active distribution networks (ADNs), making the operation relatively complex and challenging [2] , [3] . Due to their high volatility, the intermittent DGs comprising photovoltaic panels (PVs) frequently cause a sharp fluctuation of feeder power, thus resulting in severe voltage violation problems [4] .
Especially, the PV generations have significant uncertainties in temporal distribution [5] , as shown in Fig. 1 . Although extensive researches were devoted to forecasting techniques, accurately predicting time-varying PV outputs for the long term still remains a challenge owing to their inherent volatility and intermittency. In addition, limited real-time measurements in distribution networks further exacerbate the measurement errors of PV outputs [6] . However, the uncertainty characteristics of PV outputs have not been fully considered in many previous studies associated with voltage and VAR control. This may lead to inappropriate control schemes of VAR devices and even result in the violation of security constraints. Thus, these uncertainties are required to be dealt with to ensure the feasibility and reliability of system operation.
The two main techniques used to characterize uncertainties of PV outputs have been stochastic programming [7] and robust optimization [8] . The uncertain variables are dealt with given probability distribution functions in stochastic programming. Reference [9] proposed a stochastic optimization-based voltage control strategy in the presence of PV uncertainties. However, obtaining the exact probability distributions of uncertain variables is intractable in practice, and large amounts of scenarios impose a heavy computational burden for the optimization. As a good alternative to address uncertainties, robust optimization does not require the detailed information about probability distributions. The worst-case oriented robust optimization can construct a feasible solution that immunizes against all the fluctuation scenarios generated by the predefined uncertainty set [10] . The computational tractability is also a primary motivation to adopt the robust optimization. The robust optimizationbased method has been widely used in power system, such as the evaluation of distributed generation hosting capacity [11] and reactive power optimization [12] .
To cope with the problems caused by the high penetration of intermittent PVs, conventional adjustment means of distribution networks are mainly based on the primary equipment, such as on-load tap changer (OLTC), switchable capacitor banks (CBs) and tie switches [13] , [14] . As the tap adjustment of OLTC, switching of CBs and reconfiguration of tie switches are limited by the slow response and discrete voltage regulation, they are difficult to meet the requirement of rapid voltage control when PVs fluctuate frequently in ADNs [15] . However, the flexible interconnection technology based on soft open points (SOPs) significantly enhances the controllability and flexibility of the system operation. SOP proposed in [16] is a novel power electronic device to enable the flexible connection between feeders. Compared to the conventional VAR regulation devices, the main advantages of SOPs are threefold: 1) SOPs accurately and continuously regulate the active and reactive power of the connected feeders [17] , realizing the power flow adjustment of the whole system. SOPs can be applied to resolve the issue of reverse power flow caused by the high penetration of PVs. 2) SOPs are mainly based on fully controlled power electronic devices, which can rapidly response to the control signals [18] . The frequent voltage violation due to the fluctuation of PV outputs can be effectively eliminated by the regulation of SOPs. 3) In the fault conditions, due to the isolation of DC link and instantaneous control of currents, SOPs can contribute to the fault isolation and provide the supply restoration of ADNs [19] .
Thus, the application of SOPs will significantly promote the economy, flexibility and reliability of ADNs. However, considering the high investment and maintenance costs, the optimal siting and sizing of SOPs is also a critical issue to maximize the benefits of investment [20] .
Previous studies have investigated the benefits of SOPs to facilitate the operation of ADNs. Reference [17] analyzed the basic principle and topology of SOPs. The authors in [19] studied the steady-state and transient characteristics of SOPs in normal and abnormal conditions. Furthermore, references [18] and [21] showed that SOPs significantly increased DG accommodation by reducing network losses, improving voltage profile and balancing feeder load in ADNs. Considering the coordination of SOPs and VAR regulation means, voltage violations were effectively eliminated for system operation using the convex program-based method in [22] . The above SOP strategies are developed mainly relied on the forecasting data without considering the uncertainties of PV outputs. Due to the uncertain challenges described above, the deterministic operation strategies of SOPs may deteriorate the conditions of voltage excursion.
To address the uncertainties of PV outputs and fully utilize the benefits of SOPs, a two-stage robust optimization method is proposed for SOPs operation in ADNs. In this method, the robust operation strategies of SOPs are taken into consideration to maintain the voltage in the desired range while reducing power losses. The major contributions of this paper are summarized as follows.
1) With our previous work [22] , a two-stage robust optimal operation model of SOPs (RO-SOPs) is established for ADNs considering the uncertainties of PV generation. In the first stage of RO-SOPs, the robust operation strategies of SOPs for each time period are generated to mitigate the voltage violations and minimize the power losses of ADNs. In the second stage, the worst-case scenarios that jeopardize voltage profile are sought within a predefined uncertainty set. Since optimization are made under the worst-case scenarios, the operation strategies of SOPs obtained via RO-SOPs can immunize against the fluctuation of PV generation. 2) To achieve the near-optimal performance with a moderate computational burden, a column-and-constraint generation (C&CG) algorithm is developed to solve the proposed robust optimization model, which is formulated as second-order cone program (SOCP). Besides, the impacts of the uncertainty budget factor and uncertainty deviation range on the objective values are analyzed, providing a trade-off between robustness and conservativeness for the distribution system operator (DSO). The rest of the paper is organized as follows. Section II presents the mathematical formulation of RO-SOPs with the consideration of uncertainties in PV power generation. An SOCP-based C&CG algorithm is applied to solve the proposed robust optimization model in Section III. The case studies are given in Section IV to illustrate the effectiveness of the proposed method using the modified IEEE 33-node system. Finally, conclusions are drawn in Section V.
II. MATHEMATICAL FORMULATION OF ROBUST SOPS OPERATION
In this section, the uncertainty modeling for fluctuating PV outputs is introduced at first, which presents a polyhedral uncertainty set employed in the robust optimization. Then, a deterministic optimal operation model of SOPs (DO-SOPs) is established with forecasted PV outputs, which involves the regulation of SOPs to mitigate the voltage violations and minimize the power losses of ADNs. After that, the robust optimization is employed to tackle the uncertainties of PV outputs, and RO-SOPs is proposed for ADNs based on above deterministic one.
A. Uncertainty Modeling of PV Outputs
Based on the profiles of forecasted data, the polyhedral uncertainty sets D in (1) are established to describe the uncertainties of PV outputs, which are generally employed in the robust optimization [23] .
where ΔP PV t,i is the deviation range from the forecasted value P
PV,ref t,i
. The polyhedral assumption guarantees the finite convergence of the C&CG algorithm which is used to solve the proposed robust optimization model later [24] , since the polyhedron has a finite number of extreme points.
The budget of uncertainty Γ PV is a predefined parameter to control the level of conservativeness of optimal solutions [25] , which takes the value between 0 and N PV . Adjusting the budget value Γ PV within its range can provide a trade-off between the robustness and the conservativeness of optimal solutions. Higher Γ PV value results in higher conservativeness, while the lower Γ PV value is potential to fully utilize SOPs better. For instance, if Γ PV = 0, no uncertainty is considered in the PV outputs prediction. On the contrary, if Γ PV = N PV , each PV has a chance to reach its upper bound or lower bound given in (1), which might be over conservative and lead to unnecessary (1) can be further reformulated as expression (2) .
After modeling of uncertainties, we review the establishment of DO-SOPs.
B. Deterministic Optimal Operation Model of SOPs 1) Objective Function:
The objective function is to minimize the total power losses and the voltage deviations of ADNs, which is formulated as follows.
where the power losses f L and the extent of voltage deviation f V are formulated as (4)- (5):
Equation (5) indicates the threshold function reflecting the extent of voltage deviations [27] . When the node voltage is not in the desired voltage range [U thr ,Ū thr ], the term f V takes effect to minimize the extent of deviation from the desired range.
The weighted sum method is applied to the above multiobjective optimization problem. The weight coefficients W α and W β in (1) can be determined by analytic hierarchy process (AHP) [28] according to the experience of DSOs, which satisfy W α + W β = 1.0.
The constraints mainly include the operational constraints of SOPs and distribution networks, as described next.
2) SOP Operational Constraints: SOP is usually installed between the adjacent feeders to replace the tie-line switch in ADNs [16] . Compared with traditional switch operation, SOP can precisely control the active and reactive power flow with lower operation costs and avoid the risk caused by the frequent switching actions.
In this paper, the PQ-V dc Q control mode of SOP is selected under normal operation. The detailed control scheme and structure of SOPs can refer to [19] . The control variables of SOPs include the active and reactive power of the two converters. The steady-state model of SOP is expressed as follows.
3) System Power Flow Constraints: The DistFlow branch model proposed in [29] is used to model the distribution networks. This model can be mathematically described as follows:
4) System Operational Constraints:
To restrain the impact of power fluctuation of ADNs on the upper grid, the exchanged power constraints with the upper grid are taken into account as follows.
5) PV Operational Constraints:
Constraint (21) in the DO-SOPs assumes that the active power generated by PVs is equal to the forecasted value P
varies with the daily operation curve of PVs considering uncertainty obtained from [22] , as shown in Fig. 1 . Constraint (22) denotes the reactive power constraint of PVs and the capacity constraint of PVs is expressed as (23) .
As a consequence, constraints (3)- (23) form DO-SOPs in ADNs, which essentially belongs to non-convex nonlinear program (NLP) and is non-deterministic polynomial-time hard (NP-hard) to solve.
C. SOCP Model Conversion
Referring to the state-of-the-art convex relaxations [30] , the original non-convex NLP model is reformulated as an SOCP model that can be tractably solved. The procedure is elaborated as follows. (4), (11)- (14) and (17)- (18).
Linearized constraints are expressed as follows:
2) Relax constraint (14) into the following quadratic cone constraint after substituting the variables [30] .
3) Reformulate the operational constraints of SOP in (7)- (10) and capacity constraint of PVs in (23) into the following rotated quadratic constraints:
4) Introduce auxiliary variable A t,i to express the extent of voltage deviation. Constraint (3) can be linearized as:
Supplement constraints (35)-(37) to make this linearization equivalent.
For simplified explanations, three vectors are used to express the above variables, which involve the operational strategy vector x of SOPs, the power flow vector y, and the vector d 0 related to the forecasted values of PVs. Then the SOCP-based DO-SOPs can be reformulated in a compact form:
where A, C, D, G, b, c, f and g are the corresponding parameters. Equation (38) is equivalent to the objective function (3) with (24) and (34) . Equation (40) is identical to the constraint (21) . Equation (41) simplifies the expression of (30)- (33) . The remaining constraints in DO-SOPs are expressed as (39).
D. Robust Optimal Operation Model of SOPs
Considering the uncertainties of PV outputs described in Section II-A, a two-stage RO-SOPs is further built based on the formulation of DO-SOPs.
In the first stage, the proposed model aims to obtain the operation strategy of SOPs which is immune to all the uncertain scenarios caused by the fluctuation of PVs. Based on the optimal SOPs strategies of the first stage, the worst-case scenarios that jeopardize objective values are sought within the uncertainty set in the second stage. The two-stage robust optimization form of RO-SOPs is expressed as follows.
where
RO-SOPs inherits the advantages of DO-SOPs, which fully exploits the flexible regulation ability of SOPs, and also can be immune to the uncertainty impacts for its robust decisionmaking manner.
III. SOLUTION METHODOLOGY
The formulation described from (42) to (45) is a tri-level min-max-min second-order cone program, of which the solving algorithms have been studied in some literature [24] , [31] . In this paper, the wildly used C&CG algorithm [24] is employed to solve the proposed two-stage RO-SOPs model. Similar to the existing Benders-style cutting plane methods, the C&CG algorithm solves a master problem and a sub-problem iteratively. The difference is that C&CG algorithm optimizes the master problem by iteratively introducing new variables and constraints related to the sub-problem. This method contributes to obtaining a tighter bound of the objective, which can effectively reduce the number of iterations. And the number of iterations in the C&CG algorithm is insensitive to the problem size.
The distinctive feature of the proposed RO-SOPs model is that the innermost problem and the outermost problem belong to SOCP. The C&CG algorithm can be naturally extended for this robust optimization model. Especially, the C&CG algorithm attempts to solve the following extensive formulation of (42) through (45):
The above problem has an infinite number of constraints (47) and (48) corresponding to each uncertainty scenario d, making it impossible to be solved directly. According to the twostage robust optimization form, RO-SOPs is decomposed to the following master problem and sub-problem, then a master-sub iterative process is conducted for the solution.
A. Master Problem
In the master problem, the uncertainty variables are realized with given d m ∈ D , m = 1, 2, . . . , k. And finite partial enumeration scenarios with the subscript m are used to approximate the uncertainty set D . The following relaxed master problem provides a lower bound for RO-SOPs:
The master problem essentially belongs to SOCP, which can be solved efficiently by commercially available optimizers.
B. Sub-Problem
Given the operation strategy of SOPs x * , the sub-problem finds the worst-case scenario d and corresponding optimal power flow y.
L x
where π, λ, σ, μ are the dual variables associated with the related constraints. The optimal objective value of the sub-problem L(x * ) provides an upper bound for RO-SOPs because it is the worst-case objective function for a given operation strategy of SOPs x * which may not be general optimal.
As the sub-problem is a max-min bi-level optimization problem, the inner conic program is dualized to convert the sub-problem into a monolithic form: Moreover, with this assumption, we can propose a mixedinteger SOCP formulation of the sub-problem. Now, the objective function of sub-problem is linear except for the bilinear term B T λ, which is a form of products of binary and continuous variables. Replace each product B T λ with a new auxiliary vector B and adding constraints that enforce B to be equal to λ if B = 1, and zero otherwise [33] . The above sub-problem will be recast into the following mixed-integer SOCP.
π, μ ≥ 0, λ, σ free, B binary (67) whereλ is the upper bound of dual variables λ, which can take the value of large enough.
C. Column-and-Constraint Generation Algorithm
The overall procedure of the C&CG algorithm for the twostage RO-SOPs is depicted as follows:
Step 0: Initialize LB = −∞, UB = ∞, m = 1. Set tolerance gap ε > 0.
Step 1: Solve the master problem defined by constraints (50)-(53) to get its optimal solution and objective, denoted as x * and f m . Then update LB = max{LB, f m }.
Step 2: Given x * , solve the sub-problem described by constraints (62)-(67) to obtain the worst-case scenario d * and objective f s . Update UB = min{UB, c T x * + f s } and d m+1 = d * . Then introduce new variables y m+1 and related constraints (68) and (69) to the master problem. Fig. 2 . Structure of the modified IEEE 33-node system.
Step 3: If UB − LB < ε, return x * , and terminate. Otherwise, update m = m + 1 and go back to Step 1.
Remark 1: In the master problem, the variables to be optimized are: the decision variables x which consist of operation strategies of SOPs, the power flow variables y for typical worstcase scenarios. Then, the master problem transfers the SOPs strategies x * to the sub-problem. After receiving the newly updated x * , the sub-problem solves the problem in (62)- (67) to obtain the worst-case scenario d * with the given x * . In the sub-problem, the main optimization variables are d * , i.e., the active power output of PVs that maximize the objective function, while the Lagrangian multipliers π, λ, σ, μ corresponding to constraints (55)-(57) are also obtained as the byproducts. Moreover, the sub-problem sends the latest d * to the master problem, and the master problem updates index m = m + 1 and adds the d * to its typical worst-case scenario sets. Meanwhile, constraints (68)-(69) corresponding to scenario m + 1 are also generated in the master problem.
The algorithm just starts another iteration again. Iteratively, the master problem updates the lower bound of the objectives, whereas the sub-problem updates the upper bound. The whole procedure terminates when the difference of these two bounds is sufficiently small.
IV. CASE STUDIES AND ANALYSIS
In this section, the effectiveness of RO-SOPs is verified on the modified IEEE 33-node system. The proposed method was implemented in the YALMIP [34] optimization toolbox (version 20150918) using MATLAB R2013a and solved by IBM ILOG CPLEX 12.6. The numerical experiments were performed on a computer with an Intel Xeon CPU E5-1620 processor running at 2.60 GHz and 32 GB of RAM.
A. Modified IEEE 33-node System
The modified IEEE 33-node system is presented in Fig. 2 ; its rated voltage level is 12.66 kV. Total active power and reactive power demands are 3715 kW and 2300 kvar, respectively. The detailed parameters are shown in [29] .
To fully consider the impact of high penetration of PV integration on power losses and voltage deviation, 14 PVs are integrated into the networks with the capacity of each PV base being 300 kWp. The PVs are operated at a unity power factor without considering the localized reactive power support. The locations of PVs are represented by squared rectangles in Fig. 2 .
Two groups of SOP are installed between nodes 12 and 22, and between nodes 18 and 33, of which the maximum capacity is 1000 kVA. It is assumed that the loss coefficient of an SOP is 0.02 [19] and that the direction of power injection into the node is the positive direction.
Taking five minutes as a unit time period, the daily operation curve of PVs considering uncertainty are obtained from [22] , as shown in Fig. 1 .
The weight coefficients W α and W β are set as 0.83 and 0.17 by AHP. The lower and upper bounds of the system voltage are set to 0.95 p.u. and 1.05 p.u., respectively. And the desired voltage range is set from 0.96 p.u. to 1.04 p.u.
B. Optimization Results Analysis
Two schemes are selected to analyze the performance of robust operation strategy of SOPs, shown as follows.
Scheme I: DO-SOPs is used to obtain the deterministic operation strategy of SOPs.
Scheme II: RO-SOPs is used to obtain the robust operation strategy of SOPs.
Depending on the probability law, namely the central limit theorem in [31] , Γ PV takes the value 5 with the uncertainty level ΔP PV i being 20%. The optimization results of two schemes are shown in Fig. 3 .
It can be seen from Fig. 3(a) and (c) that the operation strategies of SOP1 and SOP2 are accordance with the power supply and demand of ADNs. The high penetration of PVs makes a wide fluctuation of power flow.
During the hours 0:00 10:00 and 18:00 24:00, the PV outputs cannot supply the high electricity demand. SOP1 transmits the active power from node 22 into node 12 to meet the power demand of the system. However, as the abundant outputs of PVs are far more than the load demands in the hours 11:00 17:00, the SOP1 and SOP2 are scheduled to inversely transmit the active power into node 22 and node 33 respectively in order to smooth the power fluctuations as much as possible.
As PVs are operated with a constant power factor, SOPs also provide the reactive power to locally compensate the reactive power demands. Fig. 3(b) and (d) have shown that SOP1 and SOP2 supply the reactive power support within their own capacity constraints.
The performance comparisons between robust and deterministic operation strategies of SOPs are made via 500 stochastic scenarios, which are generated randomly by Monte Carlo simulations. It is assumed that the actual PV outputs are random variables following normal distributions with ±20% fluctuation ranges.
During the simulation process, the scenario will be marked once the violation of desired voltage range occurs. The test results of different operation strategies of SOPs are summarized in Table I .
It can be observed from Table I that considering the uncertainties of PVs, the deterministic operation strategy of SOPs will lead to a large number of voltage violation scenarios. However, voltage violation is effectively eliminated by the robust strategy of SOPs with a little sacrifice of power losses.
Figs. 4 and 5 show the maximum and minimum voltage of each node over the day achieved by different operation strategies of SOPs across 500 scenarios generated by MonteCarlo simulation. It shows that the voltage violation occurs in Fig. 4 , as the deterministic operation strategy of SOPs does not with the deterministic operation strategy of SOPs, the voltage is maintained within the desired range by the robust regulation of SOPs, flattening the voltage profile of feeders. When the voltage violation occurs due to the appearance of the forecasting errors of PVs, the robust operation strategy of SOPs eliminates it effectively. [25] . O(R) and O(D) are the expected objective values based on robust and deterministic operation strategies of SOPs respectively, which include network power losses and index Fig. 9 . It shows that during 1:00∼6:00 a.m. and 21:00∼24:00 p.m., both strategies of SOPs give the same optimal values due to no uncertain power generation. In contrast, during 11:00 a.m.∼16:00 p.m., the PVs generation is obvious and the uncertainties have a significant impact on the results of different strategies. Compared to the robust operation strategy of SOPs, deterministic strategy of SOPs achieves fewer network losses, but it results in more severe voltage violation conditions.
Let η = O(R) − O(D) denote the error between O(R) and O(D)
Here, the reasons are briefly discussed. Since DO-SOPs does not consider any uncertainties, its objective mainly is to minimize network losses by increasing the voltages profile for the base-case scenario. The deterministic strategy of SOPs doesn't accommodate any uncertainty of PV outputs, which probably encounters voltage violation as the appearance of forecasting errors of PVs. RO-SOPs is comparatively robust when making control decisions for SOPs by considering all the possibilities in the uncertainty set and taking account each possible active output of PVs. As a result, voltage violation can be effectively eliminated by the robust operation strategy of SOPs in the Monte Carlo simulations, which is prepared for the worst-case scenario. In comparison with DO-SOPs, RO-SOPs can ensure secure operation with regard to the possible scenarios within the uncertainty set with little compromise in terms of power losses. As the solution obtained by RO-SOPs is deviated from optimal solution of the deterministic scenario and is also not optimal solution of the uncertain scenarios, the power losses are increased. Thus, the robust operation strategy of SOPs provides less bus voltage violation under PV uncertainty, while the losses are higher than the deterministic strategy.
The impacts of the budget factor Γ PV and uncertainty level ΔP PV i on the objective values between different operation strategies of SOPs are shown in Figs. 10 and 11. It is observed that by increasing either the budget factor Γ PV or the uncertainty level ΔP PV i , more voltage violations will be reduced in the case of robust operation strategy of SOPs, whereas more power losses will be increased. Obviously, a larger budget factor Γ PV represents more PVs are considered with uncertainty, which makes the robust operation strategy of SOPs more conservative. Note that when 0 ≤ Γ PV ≤ 5, the objective values increase significantly with the increase of Γ PV , whereas objective values increase slowly with the increase of Γ PV when Γ PV > 6. The results imply that to achieve a majority of benefits, only a part of PVs to be considered with uncertainty is needed for the robust operation of SOPs.
In addition, a larger uncertainty level ΔP PV i makes the condition worse and results in a better performance of robustness of SOP operation.
Remark 2 (discussion of technical implementation): This paper focuses on the centralized optimization problem to determine the robust operation strategies of SOPs. With the advanced metering infrastructure (AMI), DSO has the access to PV outputs, load level, electrical metering data of ADNs. Then the load demand profiles and output profiles of PVs are forecasted for the next scheduling day. Considering the uncertainty of PV outputs, the robust operation optimization for SOPs can be performed by DSO based on the acquired information, which is efficiently solved by the C&CG algorithm in the day-ahead schedule. In the inter-day operation, SOPs adjust the active power between the connected feeders and provide the reactive power compensation to participate the optimal regulation of ADNs, which effectively accommodate the fluctuating PV outputs.
As shown from the above analysis, with the accurate active and reactive power control ability, SOPs effectively reduce network power losses and mitigate voltage violations in ADNs. By applying robust optimization to deal with the uncertainty problems, the robust operation strategy of SOPs will further improve the benefits of SOPs in system operation and will be helpful to handle the risks brought by randomness and fluctuation of PV outputs.
V. CONCLUSION
This paper proposes a two-stage robust optimization method for SOPs operation in ADNs to address the uncertainties of PV outputs and fully utilize the benefits of SOPs. In this method, the adjustable budget factor-based robust optimization model is built to tackle the uncertainties of PV outputs. The robust operation strategies of SOPs are taken into consideration to maintain the voltage in the desired range while reducing power losses. To achieve the near-optimal performance with a moderate computational burden, the proposed robust model is formulated as a two-stage SOCP problem after convexification, and the C&CG algorithm is developed to solve it. The performance comparisons with DO-SOPs in the modified IEEE 33-bus distribution system shows that RO-SOPs effectively eliminate the voltage violation with little sacrifice of power losses. Moreover, more benefits of robustness will be obtained from the robust optimization under even larger uncertainty conditions.
Considering the relatively high investment of power electronics, another suitable extension is to coordinate SOPs with the conventional regulation devices, such as on-load tap changer (OLTC) and tie switches. This coordinated operation is expected to further improve the performance of voltage violations in ADNs, but also puts forward a new challenge of multiple time-scale coordination in robust optimization.
